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FRQWLQXLW\ FRQGLWLRQV RQ HDFK ERXQGDU\ EHWZHHQ WZR DGMDFHQW OD\HUV RQH FDQ ILQG WKH ILHOG LQ HDFK
OD\HU DWWULEXWLQJ WKH QXPEHUP    IRU WKH OD\HU DW WKH IDU VLGH RI WKH VHW ZH ZLOO ILQG D VLPSOH
UHFXUVLYHUHODWLRQIRUSDUDPHWHU4PIRUWKHPWKOD\HUP≥

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7KHYDOXH4 LVJLYHQ LQ 3URFHHGLQJDVDERYHZHZLOOEXLOGDJHQHUDOL]DWLRQRI7 \LHOGLQJ WKH
SKDVHRIWUDQVPLVVLRQIXQFWLRQIRUPOD\HUV
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$SORWRIWKHSKDVHWLPHDQGSKDVHVKLIWVDVDIXQFWLRQRIPLVVKRZQRQILJXUH7KHSKDVHLVJURZLQJ
ZLWK WKH LQFUHDVH RI DPRXQW RI OD\HUV WKXV IRUP  DQGP  WKH YDOXHV DUH  UDG DQG  UDG
UHVSHFWLYHO\+RZHYHUWKLVJURZWKLVGHFHOHUDWLQJZLWKWKHLQFUHDVHRIPWKHYDOXHVIRUP DQGP 
DUHUDGDQGUDGUHVSHFWLYHO\:KHQWKHDPRXQWRIOD\HUVLVJURZLQJVRWKDWPSη !!WKH
SKDVHEHFRPHVLQGHSHQGHQWIURPP
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,QFUHDVLQJPDOVROHDGVWRDGUDVVWLFDWWHQXDWLRQRIWKHSRZHURI WKHWXQQHOLQJZDYHWKHWUDQVPLVVLRQ
IXQFWLRQ\LHOGVWKHDWWHQXDWLRQIDFWRUH[SPSη 
)RUPXODGHVFULEHV WKH+DUWPDQHIIHFWIRUSKRWRQLFEDUULHUVIRUPHGE\DVWDFNRIKHWHURJHQHRXV
GLHOHFWULF OD\HUV 7KHGHSHQGHQFHRI SKDVH VKLIW XSRQ WKHEDUULHU¶V WKLFNQHVVEHLQJ VDWXUDWHG WKH
SKDVHWLPHWSFDQEHFRPHVXSHUOXPLQDOLQRXUH[DPSOHWKHYHORFLW\YS GWSUHDFKHVWKHYDOXHFIRUWKH
ZDYH WXQQHOLQJ WKURXJK  ILOPV 7KH IXUWKHU LQFUHDVH RIP OHDGV WR VXSHUOXPLQDO YDOXHV IRU YS!F
+HUHLQ WKH TXDQWLW\ YS FDQ UHDFK DQ DUELWUDULO\ KLJK YDOXH DQG WKXV WKH SUREOHP RI SK\VLFDO
LQWHUSUHWDWLRQRIYSUHPDLQVRSHQHG
,WLVZRUWKZKLOHWRH[DPLQHWKHSKDVHVDWXUDWLRQSKHQRPHQDLQWKHUHIOHFWHGZDYHWRR3UHVHQWLQJWKH
UHIOHFWLRQFRHIILFLHQW5LQDIRUP H[S 55 5 LG  RQHFDQILQGWKHSKDVH
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&RPSDULVRQ RI WKH SKDVHV RI WUDQVPLWWHG  DQG UHIOHFWHG   ZDYHV EULQJV WKH UHODWLRQ
WJ WJ W 5K K¸  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6DWXUDWLRQRIWKHSKDVHRIWKHUHIOHFWHGZDYHWKXVDOVRRFFXUVDQGLWLVQRWFRQQHFWHGZLWKWKHSRZHU
DWWHQXDWLRQWKHSRZHUUHIOHFWLRQFRHIILFLHQW_5LQDFDVHP!!WHQGVWRDQDWXUDOOLPLW_5→
/HW XV ILQDOO\ SRLQW RXW WKDW WKH SKDVH WLPH FDQ WDNH QHJDWLYH YDOXHV 7R LOOXVWUDWH WKLV FDVH OHW XV
FRQVLGHUWKHIRUPXODIRUWKHVDWXUDWHGFDVHWKPSηĺLQWKHIRUP
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,IWKHQRUPDOL]HGIUHTXHQF\XREH\VWRWKHFRQGLWLRQ
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VRWKDW WS LI WKHUHIUDFWLYH LQGH[QR LVKLJKHQRXJKQ!17KLVFRQGLWLRQFDQEHIXOILOOHGIRU WKH
VROXWLRQVRIHT
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7KHVHVROXWLRQVSRVVHVVWKHSURSHUW\XDQGWKXVPHHWWKHWXQQHOLQJFRQGLWLRQ,IWKHIUHTXHQF\RI
WXQQHOLQJZDYHLVRQO\VOLJKWO\VPDOOHUWKHQWKHFXWRIIIUHTXHQF\X©1©WKHQWKHSKDVHWLPH
UHDFKHVODUJHQHJDWLYHYDOXHV7KXVIRUWKHDERYHPHQWLRQHGILOPG QP\ Q 
Ω1 UDGVX DQG1 7KHVHSDUDPHWHUVEULQJWKHWXQQHOLQJZDYHIUHTXHQF\
Z UDGVDQGILQDOO\WS IV

9,(0WXQQHOLQJWKURXJKORVV\EDUULHUVYLRODWLRQRIWKH+DUWPDQHIIHFW

7KLVFKDSWHULVGHYRWHGWRWKHSKDVHHIIHFWVIRU(0ZDYHVWXQQHOLQJWKURXJKGLVVLSDWLYHKHWHURJHQHRXV
GLHOHFWULFVGHVFULEHGE\FRPSOH[YDOXHVRIWKHGLHOHFWULFVXVFHSWLELOLW\ ε ] QLJ8]ZKHUH
WKHVSDWLDOSURILOH8]LVJLYHQLQDQGWKHDEVRUSWLRQLVGHWHUPLQHGE\WKHIDFWRUJ7KHLQWHUSOD\RI
WXQQHOLQJDQGDEVRUSWLRQZLOODIIHFWERWKUHIOHFWHGDQGWUDQVPLWWHGZDYHV7KHUHIOHFWLRQFRHIILFLHQWFDQ
EHIRXQGE\WKHVDPHSURFHGXUHDQGWKHUHVXOWFDQEHSUHVHQWHGXVLQJWKHIROORZLQJUHSODFHPHQWVLQ
HTGHULYHGIRUWKHORVVOHVVGLHOHFWULF

	 

	 
 	 
 	 
 	 
 	 


  

   
 
   
       
 
 ð  ð  ð 

 WK  WK  WJ
1 D LD D X J X
QS S LS S DF
W W LW WS W PS W PSW W
X
I I I

  ¯l     o ¡ °¡ °¢ ±
l  
    
    
 
P UHSUHVHQWLQJ DJDLQ WKH QXPEHU RI ILOPV LQ WKH VWDFN 0DNLQJ WKHVH UHSODFHPHQWV ZH ILQG WKH
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:KHQ WKH DPRXQW RI ILOPV LV LQFUHDVLQJ VR WKDW WKPSη  →   WKH H[SUHVVLRQV IRU. DQG E
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DQGERWKDPSOLWXGHDQGSKDVHRIUHIOHFWHGZDYHWHQGPRQRWRQLFDOO\WRVRPHFRQVWDQWYDOXHV
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7KHVDPHDSSURDFKUHVXOWV LQWKHJHQHUDOL]DWLRQRIWUDQVPLVVLRQIXQFWLRQIRU WKHHYDQHVFHQW
ZDYHVLQDORVV\GLHOHFWULF7KXVLQWKH³VDWXUDWLRQ´OLPLWWKHDPSOLWXGHDQGSKDVHRIWKLVIXQFWLRQDUH
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'XH WR WKH LQFUHDVH RIP WKH DPSOLWXGH _7_ LV GDPSLQJPRQRWRQLFDOO\PHDQZKLOH WKH EHKDYLRXU RI
SKDVH Wϕ LVPRUHFRPSOLFDWHGWKHUHODWLRQEHWZHHQSKDVHV Wϕ DQG Uϕ  LVYLRODWHGDQGXQOLNHLQ
WKHORVVOHVVFDVH WKHSKDVHRI WUDQVPLWWHGZDYHLVQRWVDWXUDWHG(TLQGLFDWHVWKHRVFLOODWLRQVRI
WKLVSKDVHEHWZHHQWKHYDOXHVφ WDQGφ W

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6XFK Wϕ RVFLOODWLRQVDUHLOOXVWUDWHGRQILJXUHIRUDVWDFNRIQPILOPVGHVULEHGDERYHEHWZHHQP 
DQGP ZLWKJ DQGJ 7KH\DULVHIRUDQHYDQHVFHQWZDYHLQDPHGLDZLWKDUELWUDU\VPDOO
EXW ILQLWH YDOXHV RI WKH DEVRUSWLRQ SDUDPHWHU J WKXV WKHPRQRWRQLF VDWXUDWLRQ RI WKH SKDVH RI WKH
 
WUDQVPLWWHGZDYHFDQEHDWWULEXWHGRQO\WRWKHORVVOHVVOLPLWJ→ +RZHYHUIRUVPDOOYDOXHVRIJVHH
WKHFDVHJ RQILJWKHSHULRGRIWKHVHRVFLOODWLRQVLVVORZLQJGRZQDQGVWDFNVZLWKDVPDOOQXEHU
RIILOPVH[KLELWDPRQRWRQLFEHKDYLRU
&RQFOXVLRQV
,Q WKLV SDSHU ZH KDYH VWXGLHG WKH SURSDJDWLRQ RI HP ILHOGV LQ SKRWRQLF EDUULHUV IRUPHG E\
LQKRPRJHQHRXV GLHOHFWULF OD\HUV ERWK ORVVOHVV DQG ORVV\ZKRVH ε ] SURILOH DOORZV WR GHULYH H[DFW
DQDO\WLFDOVROXWLRQRIWKHZDYHHTXDWLRQ7KHILOPSURSHUWLHVDUHLQVXFKDFDVHHVVHQWLDOO\GHWHUPLQHG
E\WKHOHQJWKVFDOHVWZRLQRXUFDVHDOORZLQJDZLGHYDULHW\RIILOPW\SHVRIWKHGLVWULEXWLRQRIWKH
GLHOHFWULFVXVFHSWLELOLW\DQGH[KLELWDSODVPDRIZDYHJXLGHOLNHEHKDYLRUFKDUDFWHUL]HGE\DOHQJWK
VFDOHGHSHQGHQWFULWLFDO IUHTXHQF\8VLQJGLIIHUHQWSURILOHSDUDPHWHUVZHFDQ LQYHVWLJDWHVLWXDWLRQ LQ
ZKLFKWKHILHOGHLWKHUSURSDJDWHVWKURXJKWKHILOPDVZHOODVWKHWXQQHOLQJUHJLPHIRUZKLFKWKHILHOGLQ
WKHILOPLVSUHVHQWHGE\DQHYDQHVFHQWZDYH
7KHJURXSYHORFLW\RI WKHZDYHVZDVVKRZQWRGHSHQGXSRQ WKHSURILOHRI ε ]DFURVV WKH ILOPDQG
HVVHQWLDOO\RQWKHFRQYH[RUFRQFDYHQDWXUHRIWKHVXVFHSWLELOLW\SURILOH7KH\VWD\LQDOOVWXGLHGFDVHV
VXEOXPLQDO
:HDOVRLQYHVWLJDWHGWKHEHKDYLRURIWKH³SKDVHWLPH´RIILOPVWKURXJKZKLFKWKHILHOGLVWXQQHOLQJRQ
WKHEDVLVRIZKLFK WKHSRVVLELOLW\RIVXSHUOXPLQDOSKDVHSURSDJDWLRQZDVSURSRVHGHDUOLHU$QDO\]LQJ
WKH FDVH RI D VWDFN RI LGHQWLFDO OD\HUV ZH KDG YLVXDOL]HG WKDW WKLV SKDVH WLPH VKRZHG D VDWXUDWHG
EHKDYLRUZKLFKZDVDFFRPSDQLHGE\DGUDVWLFDWWHQXDWLRQRIWKHWXQQHOLQJLQWHQVLW\
$FNQRZOHGJHPHQW
7KHDXWKRUVWKDQN3URI7$UHFFKLIRUKLVLQWHUHVWLQWRWKLVUHVHDUFK7KH\DOVRDFNQRZOHGJHWKH
VXSSRUWRI1$72JUDQWQ367&/*
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